Abstract. This paper deals with a model describing damage processes in a (nonlinear) elastic body which is in contact with adhesion with a rigid support. On the basis of phase transitions theory, we detail the derivation of the model written in terms of a PDE system, combined with suitable initial and boundary conditions. Some internal constraints on the variables are introduced in the equations and on the boundary, to get physical consistency. We prove the existence of global in time solutions (to a suitable variational formulation) of the related Cauchy problem by means of a Schauder fixed point argument, combined with monotonicity and compactness tools. We also perform an asymptotic analysis of the solutions as the interfacial damage energy (between the body and the contact surface) goes to +∞.
of an elastic body that could be deformed and damaged, too, is just for the sake of simplicity. However, our 
26
We do not enter the details of the model and refer to [10] where a description of the model is given as well as 27 some numerical simulations. Here, we introduce and investigate the corresponding analytical formulation, which 28 is given in terms of an initial and boundary value problem. At a first analysis we are dealing with isothermal 29 phenomena.
30
The main idea is to combine thermomechanical laws holding in the 3D domain Ω and on the boundary Γ c .
31
We assume that the state variables of the system, in terms of which the mechanical equilibrium is defined, are 32 volume and surface variables. More precisely, we fix as state variables in Ω small deformations ∇u, a damage 33 parameter β ∈ [0, 1], and its gradient ∇β. Note that the displacement u is considered as a scalar (to avoid 34 further technicalities in the analysis). On the surface contact Γ c we introduce a damage parameter for the 35 adhesion χ ∈ [0, 1], the gradient (on the surface) ∇ χ , and the traces of the displacements u |Γ c and of the volume 36 damage β |Γ c . Indeed, the mechanical equilibrium on the contact surface clearly depends also on the effects of 37 volume damage and displacements. Analogously, the free energy of the system is split into two contributions: accounts for interactions between surface and volume damage [10] . It can force β |Γ c and χ to be "not too 7 far" and accounts for local interactions between volume and surface damages, it may be thought as a discrete 8 gradient. We introduce dissipation by use of the pseudo-potential of dissipation (cf. [19] ), that is a convex, non-negative 10 functional attaining its minimum 0 if there is no dissipation. Actually, we introduce two functionals Φ Ω and Φ Γc , 11 defined for dissipative variables in Ω and in Γ c , respectively. More precisely, we set
and
Let us point out that we are not requiring any constraint on the sign of the time derivatives of the damage 14 parameters, as we assume the damage phenomena to be reversible (this is in particular the case of polymers or 15 liquid glue).
16
To recover the equations of the model we use a generalized form of the principle of virtual powers (cf.
[13]) in 17 which works and (micro)motions responsible for the damage processing are included. Consequently, we recover 18 two balance equations holding in Ω (the momentum balance and a motion equation for the evolution of β) and 19 an equation written in Γ c (a motion equation for the evolution of χ ).
20
More precisely, virtual velocities are given in Ω, say v for a virtual macroscopic velocity and γ for a virtual 21 microscopic velocity, and in Γ c , say γ s a virtual microscopic contact velocity. Then, the power of interior forces 22 is defined as follows
where σ is the stress, B, H, B s , H s are new interior forces in Ω and Γ c , R is a reaction on the contact surface, 24 R B is an interaction term between damage in Ω and on the contact surface. The power of exterior forces is
g being a traction and f a distance force.
26
We assume a quasi-static situation as the engineering applications are in contact mechanics and in civil 27 engineering [10] . The case where the inertia forces are not neglected may involve collisions, i.e., velocity 28 discontinuities. A mechanical model is available with some mathematical results [3, 14] . The principle of virtual 29 power reads 30 P i + P e = 0.
31
Then, prescribing the following constitutive relations
the equations are written as follows. We first have the momentum balance
where σ = β∇u, with boundary conditions
n being the outward normal vector to the boundary. Let us comment about the reaction R. In the case the In the case χ > 0 the adhesion is active and a tension appears without separation. Then, we introduce the 7 equation for β, which is of the form
(1.17) It follows
combined with the boundary condition
Finally, in Γ c we address the balance equation (now the differential operators are defined in Γ c , which is assumed 12 for the sake of simplicity a flat surface)
n s being the outward normal vector to the boundary of Γ c . We get 
4
In this paper, we are mainly interested to find a solution to the above equations (1.14) (actually we will deal On a second step, we investigate the behaviour of our system once the interaction free energy goes to +∞. 23 More precisely, we let ν → +∞ in the equations. At the limit we get that the trace of the volume damage β |Γ c 24 and the surface damage parameter are forced to be the same. We are able to pass to the limit in (1.24), while 25 we have to deal with (1.18) and (1.21) written as variational inequalities in a weaker framework. Indeed, we 26 cannot control nonlinear constraints represented by maximal monotone operators independently of ν. However, 27 we get an interesting result as, at the limit, we get an evolution inequality for β combined with the so-called 28 "dynamic" boundary conditions. Let us point out that, in spite of the use of the adjective "dynamic", actually 29 β t results from dissipation and not from inertial.
30
Here is the outline of the paper. In Section 2 we introduce a weak version of the problem and state the main 31 existence result (Thm. 2.1). Hence, the proof of theorem is given in Section 3 by use of a fixed point argument, 32 combined with a priori estimates and passage to the limit techniques. Finally, in Section 4 we perform the 33 asymptotic analysis as ν → +∞ (see Thm. 4.1).
34

Mathematical formulation and main results
35
In this section, we introduce the variational formulation of (1.24), (1.18), (1.21) combined with boundary 36 assumptions (1.15), (1.19), (1.22) . Then, we state the main existence result (see Thm. 2.1).
37
Before proceeding let us point out some useful notation and assumptions. Hereafter, for the sake of simplicity, 38 we assume that Ω is a bounded smooth domain in R 3 , with ∂Ω =Γ 1 ∪Γ 2 ∪Γ c , where Γ 1 , Γ 2 , and Γ c are open 39 subsets in the relative topology of ∂Ω, each of them with a smooth boundary and disjoint one from another; 40 further, we assume that the contact surface Γ c and the region Γ 1 have strictly positive measure. Finally, for the 41 sake of simplicity we let Γ c ⊂ R 2 . Hence, given a Banach space X, we denote by X ·, · X the duality pairing 1 between X and X; by the same symbol · X we indicate both the norm in a Banach space X and in any power 2 of X. Finally, let T > 0 be fixed. In the following, we may denote by the same symbol c possibly different 3 positive constants depending only on the data of the problem. 4 We introduce the Hilbert triplets
where H and H c are identified, as usual, with their dual spaces. Then, we set
endowed with the natural norm induced by W 1,4 (Ω). Note in particular that, owing to the strictly positive 13 measure of Γ 1 , Poincaré's inequality leads to
We point out that if v ∈ W then its trace belongs to W 3/4,4 (Γ). Then, let
and introduce the operator
22
Before proceeding, let us fix the assumptions on the data of the problem. We first let
Then, we set between Ω and the contact surface) and ν = 0 (i.e., without any interaction between volume and surface 27 damage). However, we prefer to explicitly consider the case of ν, μ > 0 as it is more interesting both from 28 analytical and modelling point of view.
Here is the variational formulation of our problem.
and fulfilling
The following theorem ensures existence of a solution to P v . 
Our first step is to prove existence of a solution to Problem P v (see Thm. 2.1). To this aim, we apply the 11 Schauder fixed point theorem to a slightly regularized version of P v in which a viscosity term is added in (3.1), 12 i.e. we deal with the following equation for κ > 0
Remark 3.1. Let us point out that (3.1) describes a model for damage in which dissipative effects are included 18 in the local interaction.
X is endowed with the natural norm induced by
Hence, we are going to construct 21 an operator
proving that it is compact and continuous (with respect to the topology of X ), whose fixed points define a 24 solution to our problem. For the sake of simplicity, let us take μ = 1.
Auxiliary results
We look at the solution u = T 1 ( β, χ ) of the following abstract equation
where α is introduced by (2.2) and the operators A, H χ : W → W and Div : H 3 → W are defined as follows.
The following lemma ensures the existence and uniqueness of a solution to (3.4).
Lemma 3.2. Let (2.4) hold. There exists a unique solution to (3.4). Moreover
for a constant c 1 > 0 depending on the data of the problem, but not on the choice of ( β, χ ) in X . take the difference, and test by u 1 − u 2 , we get
from which we deduce u 1 = u 2 due to (3.9). 14) from which, by a comparison in (3.4), the following bound is recovered where c 2 is independent of β and χ .
11
The existence and uniqueness result stated by Lemma 3.3 is fairly standard and follows from the theory 12 of evolution (parabolic) equations, associated with maximal monotone operators, whose right hand side is in 13
Hence, let us proof the uniform bound (3.18). We test (3.1) by β t and integrate 14 over (0, t). We get, exploiting Young's inequality and trace theorems, where c 3 does not depend on β and χ but only on the data of the problem. 8 We first observe that, by trace theorems and Sobolev's embedding, (3.18) implies
Analogously, due to (3.8) we get, at least, for any p
Thus, the right hand side of (3.21) turns out to be bounded in L ∞ (0, T ; L 4 (Γ c )) and existence and uniqueness
of the solution to (3.16), (2.9) follows by standard arguments (cf. [1, 7] 
(3.28) Note in particular that, by construction, a fixed point (β, χ ) of T provides a solution to P v (in which (3.1) is 4 considered for κ > 0) (u, β, χ ) defined by (3.28).
5
Now, to apply the Schauder theorem, and deduce that T admits a fixed point, we need to show that it is 6 compact and continuous in X w.r.t. the topology induced by
As far as compactness, it easily follows from (3.18) and (3.22) (holding for constants depending only on the Then, it remains to prove that the operator T is continuous. To this aim let us take ( β n , χ n ) ∈ X such that 10
Our aim is to show that
Let us denote by
(3.32) Then, by ζ n , ξ n , δ n we denote the selections of α, γ, ∂I [0, 1] in (3.4), (3.16), (3.21) written for the index n. 13 We first recall that (3.8), (3. where c does not depend on n. Thus, by weak star compactness results, at least for some suitable subsequences 15 (still denoted by the index n just for the sake for simplicity), we deduce (at least)
Let us point out that to perform the following asymptotic analysis would be sufficient to have
Hence, strong compactness theorems ensure
In particular, owing to Sobolev's embedding and trace theorems (3.40) imply
Analogously, as far as the convergence of the trace of u n , (3.33) and (3.36) yield
and consequently a weak convergence holds, e.g., in
Now, let us comment about ζ n , ξ n , δ n . We recall that (3.15), (3.20) , and (3.27) imply
independently of n. Then, the following convergences follow
Now, let us deal with the passage to the limit in (3.4) as n → +∞. We first observe that
) (see (3.14) ), so that
This implies that In particular, we have to identify E ∈ Au and ζ ∈ α(u). We apply an analogous argument as that exploited in 1 set in X × X . Suppose that (x n , y n ) ∈ B for any n ∈ N and for n → +∞ 2
x n x in X, y n y in X . 
Let us briefly comment about the proof of the above result. As B is monotone, for any (ω, ρ) ∈ B there holds
Thus, passing to the limit we have 
Then, it follows 
Now, let us consider (3.4) written for n (denoting by E n = Au n ). Test it by u n and integrate over (0, t)
Let us comment about (3.60). Due to (3.30), at least for some subsequence, χ 1/2 n → χ 1/2 a.e. and strongly, 20
e.g., in L q for q < +∞. Thus, recalling that (3.43) holds and χ 3.13) ), 21 we can pass to the limit
so that by lower semicontinuity of norm
Analogously, we can deduce that
Now, combining (3.60) with (3.56) yields
from which we deduce E = Au due to [1] , Lemma 1.3. In particular, it follows
yielding that u n converges strongly (see (3.36))
Then, we can identify ζ ∈ α(u) proceeding as in (3.60) applying [1] , as it holds
(3.65) Now, we pass to the limit weakly in (3.1), written for the index n, as n → +∞. Owing to (3.30), (3.37), (3.40), 9 (3.42), and (3.49), (3.64) we get at the limit (3.1). It remains to identify ξ ∈ γ(β). We proceed as above (cf., 10 e.g., (3.60)) by semicontinuity and test (3.1), written for n, by β n and integrate over (0, t). Integrating by parts 11 in time and exploiting once more (3.30), (3.37), (3.42), and (3.64), by lower semicontinuity of norms, we have
leading to ξ ∈ γ(β) in V for a.e. t.
13
Finally, it is now a standard matter to pass to the limit in (3.21) cancel. Then, using the chain rule (also for the subdifferentials) and applying the Young inequality we infer 10 that
Eventually, owing to (2.1) and exploiting the Gronwall lemma, we deduce the following bounds independent 13 of κ It is now a standard matter to deduce the following weak and weak star convergences for
Hence, by a comparison in the equations, we obtain the analogous of (3.45)-(3.47), now written for ζ κ , ξ κ , δ κ .
2
As a consequence
We are now in the position of applying the same passage to the limit procedure as that exploited in In this section, we should consider the asymptotic behaviour of a solution to Problem P v as the interfacial 9 coefficient ν → +∞. This corresponds to investigate the properties of the adhesion once the interaction energy 10 blows up.
11
We first perform some a priori estimates for the solution, which are independent of the interface parameter ν.
12
To this aim we have to improve the regularity required on the initial data. Indeed, let The following lemma holds. 
independently of ν.
For the sake of simplicity, for the moment we do not specify the dependence of the solution (u, β, χ ) on ν. 0, t) . We get the analogous of estimates (3.67), where now κ = 0,
Eventually, owing to (4.1)-(4.4), (2.1), and exploiting the Gronwall lemma, we deduce the following bounds 4 independent of ν: Now, we aim to pass to the limit in (2.6)-(2.8) as ν → +∞ and prove that at the limit we find a system solved 6 by (u, β, χ ). Actually, as we will show in a moment, we are able to prove that (u, β, χ ) solve only a weaker 7 version of our system, we are going to introduce. The following theorem holds. Now, we pass to the limit in (2.6) and (4.18). We first proceed investigating the asymptotic behaviour of the 13 equation (2.6). Due to Lemma 4.1, we are allowed apply the same arguments we have exploited in Section 3
